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Exhange indued ordinary reetion in a single-hannel SFS juntion
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The stationnary Josephson eet in a lean Superondutor-Ferromagnet-Superondutor jun-
tion is revisited for arbitrarily large spin polarizations. The quasilassial alulation of the super-
urrent assumes that the Andreev reetion is omplete for all hannels. However, De Jong and
Beenakker have shown that the Andreev reetion at a lean FS interfae is inomplete, due to the
exhange interation in the ferromagnet. Taking into aount this inomplete Andreev reetion, we
investigate the quasipartile spetrum, the Josephson urrent and the 0− pi transition in a ballisti
single hannel SFS juntion. We nd that energy gaps open in the phase dependent spetrum.
Although the spetrum is strongly modied when the exhange energy inreases, the Josephson ur-
rent and the 0− pi transition are only weakly aeted by the inomplete Andreev reetion, exept
when the exhange energy is lose to the Fermi energy.
November 14, 2018
I. INTRODUCTION
Ferromagnetism and singlet superondutivity are an-
tagonist phenomena. Ferromagnetism favors spin align-
ment and onentrates the magneti eld lines whereas
superondutivity expels the magneti eld and is sup-
ported by singlet pairing in the ase of onventionnal su-
perondutors. Nevertheless, as shown by Fulde, Ferrel,
1
Larkin and Ovhinnikov
2
(FFLO), superondutivity
and ferromagnetism may oexist in a bulk sample for
suiently small exhange splitting. In this ase, Cooper
pairs aquire a nite momentum proportional to the ex-
hange splitting, leading to a non-uniform superondut-
ing order parameter. However, this FFLO state has not
been observed unambiguously in bulk samples. The situ-
ation is more favorable in ferromagnet/superondutor
heterostrutures. Owing to the proximity eet, su-
peronduting orrelations are present in the ferromag-
net even in the absene of pairing interation. In par-
tiular, Superondutor-Ferromagneti-Superondutor
(SFS) juntions and Superondutor-Ferromagneti-
Insulator-Superondutor (SFIS) juntions an exhibit
an equilibrium state where the phase dierene χ be-
tween the superonduting leads is π.3 This so-alled π-
state is reminisent of the FFLO state. In reent experi-
ments, the π-state was disovered by Ryazanov et al.4 in
SFS juntions and by Kontos et al.
5
in SFIS juntions.
When the superonduting phase dierene χ is non-zero,
a non-dissipative urrent I(χ) ows through the juntion.
This so-alled Josephson urrent is arried by Cooper
pairs in the superonduting leads and by quasipartiles
in the ferromagnet. The onversion between these two
kinds of arriers ours at the interfaes by means of a
sattering proess known as Andreev reetion.
6,7
In the
ase of a lean normal metal-superondutor (NS) inter-
fae with idential Fermi veloities, an inoming spin-up
eletron is ompletely Andreev reeted as a spin-down
hole, and a Cooper pair is reated in the superondu-
tor. In the presene of a tunnel barrier, the amplitude
of the Andreev reetion is redued: the inoming ele-
tron is partially reeted as a hole with opposite spin and
partially as an eletron with the same spin.
De Jong and Beenakker
8
have studied the Andreev re-
etion in lean Ferromagnet-Superondutor (FS) jun-
tions and have shown that the eet of ferromagnetism
is twofold. Firstly, the exhange splitting energy Eex in-
dues a mismath between spin-up and spin-down Fermi
wavevetors. This produes an additional phase shift be-
tween eletrons and holes in the ferromagnet. Seondly,
in ontrast to the lean NS ase, the Andreev reetion
is not omplete: ordinary reetion appears even in the
absene of an insulating layer. This phenomenon is due
to the exhange potential step at the FS interfae and
it strongly modies the transport properties of a lean
FS ontat with a large number N of modes per spin
diretion. As a result, the ondutane of a ballisti
point ontat in a FS juntion has been shown to de-
rease monotonously from 4Ne2/h in the nonferromag-
neti Eex = 0 ontat to zero in the half-metalli fer-
romagnet Eex = EF , EF being the Fermi energy.
8
Us-
ing this suppression of the sub-gap ondutane by the
exhange interation, an experimental method has been
developped to mesure diretly the spin polarization of
a ferromagneti sample by a transport mesurement.
11,12
Whereas these transport properties have attrated a lot
of theoretial and experimental interest, there are few
theoretial works addressing the inuene of the inom-
plete Andreev reetion on the thermodynamial proper-
ties of lean FS or SFS heterojuntions.
13,14
Indeed, the
stationnary Josephson urrent of a lean multihannel
SFS juntion has been alulated by Buzdin et al.
15
in
the framework of the Eilenberger equations
16
under the
assumption of omplete Andreev reetion. The ritial
urrent has been found to osillate as a funtion of the
phase shift a = 2Eexd/~vF between an eletron and its
Andreev reeted hole, d being the length of the ferro-
magnet and vF the Fermi veloity. Moreover, due to the
large number of hannels, these osillations are damped
as a funtion of the exhange eld.
15
The question arises
2whether inomplete Andreev reetion at a lean SFS
juntion may lead to a modiation of the Josephson ur-
rent as strong as the redution of the ondutane in a FS
ontat. Naively, one might expet the exhange indued
ordinary reetion to have the same physial eet as the
potential barrier in a SFIS juntion. In the well-studied
ase of SFIS juntions, ordinary reetion leads to a re-
dution of the Josephson urrent whih evolves gradu-
ally towards the usual Josephson form I(χ) = Ic sinχ
as the transpareny of the insulating layer vanishes. In
the ase of a short SFIS juntion, Chthelkathev et al.
have shown that the 0 − π transition phase diagram de-
pends on the transpareny of the insulating layer.
17
In
summary, the Josephson eet has only been studied for
weak ferromagnets.
In the present paper, the thermodynami properties of
a lean single hannel SFS juntion are studied for ar-
bitrarily large spin polarizations. In partiular, we show
how the exitation spetrum, the stationnary Josephson
urrent, and the 0− π transition are aeted by the ex-
hange indued ordinary reetion at the FS interfaes.
The paper is organized as follows: in Se. II, we derive
the phase dependent exitation spetrum of a lean SFS
juntion. Bogoliubov-de Gennes equations are used in
order to aount for both Andreev and normal sattering.
We show that the exhange indued ordinary reetion
opens gaps at the phase dierenes χ = 0 and χ = π.
In omparison, we reall that there is no gap in the qua-
silassial spetrum.
18,19
In the ase of a SFIS juntion,
gap opening ours only at χ = π. Se. III is devoted to
the Josephson urrent, whih depends on two indepen-
dent parameters: the produt kFd, and the ratio of the
exhange and Fermi energies η = Eex/EF , whih mesures
the spin polarization of the ferromagnet and tunes the
balane between ordinary sattering and Andreev sat-
tering at the FS interfaes. This is ontrary to the quasi-
lassial theory in whih the urrent is desribed by the
single ombinaison a = 2Eexd/~vF = ηkF d. For small η,
the main sattering mehanism is the Andreev reetion
and the quasilassial results are reovered in the limit
η → 0 and kFd→∞ with nite η kF d. For a fully polar-
ized ferromagnet (a half-metalli ferromagnet), namely
for η = 1, Andreev reetion is ompletely suppressed,
the spetrum beomes phase independent and arries no
urrent. In spite of the strong modiations of the spe-
trum, we nd that the Josephson urrent remains almost
unaeted by the exhange indued ordinary reetion
up to values of the exhange eld Eex lose to EF . The
0− π transition is studied in Se. IV and is shown to be
unaeted by the ordinary reetion in ontrast to the
0− π transition in SFIS juntions.
II. SPECTRUM
The exitation spetrum of a lean one-hannel SFS
juntion is well known in the limit of very small exhange
splitting energies Eex ≪ EF . This so-alled quasilassi-
al spetrum is obtained by assuming that Andreev re-
etion is omplete. With the help of the Bogoliubov-de
Gennes formalism we derive an exat eigenvalue equation
that takes into aount both Andreev and normal ree-
tion for arbitrary exhange energy 0 < Eex < EF . Even
at relatively small exhange energy, the orresponding
spetrum diers from the quasilassial one by the pres-
ene of gaps. We investigate analytially (for small spin
polarization) and numerially how the Andreev spetrum
evolves when the exhange energy Eex and the length of
the ferromagnet are varied.
A. Eigenvalue equation
We onsider the simplest model of a lean one-hannel
SFS juntion. The itinerant ferromagnetism is desribed
within the Stoner model by a one body potential Vσ(x) =
−σEex whih depends on the spin diretion. The index
σ = ±1 denotes spin up and spin down. In the super-
onduting leads, Vσ(x) = 0. The kineti part of the
Hamiltonian is
Ho =
1
2m
[
~
i
d
dx
− qA(x)
]2
− EF , (1)
where m is the eetive mass of eletrons and holes.
The vetor potential A(x) is responsible for the phase
dierene χ between the leads, and EF = ~
2k2F /2m is
the Fermi energy. The Fermi veloities are idential in
both superondutors and in the entral metal forEex=0.
When they are dierent ordinary and Andreev reetions
are modied.
9,10
In the absene of spin-ip sattering,
the spin hannels (u↑, v↓) and (u↓, v↑) do not mix. The
purely one-dimensional eletron-like uσ(x) and hole-like
wavefuntions v−σ(x) satisfy two sets σ = ±1 of inde-
pendent Bogoliubov-de Gennes equations
(
Ho + Vσ(x) ∆(x)
∆(x)∗ −H∗o + Vσ(x)
)(
uσ
v−σ
)
= ǫ(χ)
(
uσ
v−σ
)
,
(2)
where ǫ(χ) is the quasipartile energy mesured from the
Fermi energy. The pair potential is ∆(x) =| ∆ | eiχ/2 in
the left lead and ∆(x) =| ∆ | e−iχ/2 in the right lead. In
the entral ferromagneti segment, the pair potential is
identially zero. Therefore, the eigenvetors of Eq. (2)
are stritly eletron-like or hole-like with a plane wave
spatial dependene beause of the absene of disorder.
The eletron and hole wavevetors, denoted respetively
by kσǫ,η and h
−σ
ǫ,η , must satisfy
~
2[kσǫ,η]
2
2m
− EF = ǫ+ σEex,
~
2[h−σǫ,η ]
2
2m
− EF = −ǫ− σEex. (3)
3Introduing the degree of spin polarization η = Eex/EF ,
we obtain
kσǫ,η = kF
√
1 + ση +
ǫ
EF
,
h−σǫ,η = kF
√
1− ση − ǫ
EF
. (4)
We onsider only exitations the energies of whih are
smaller than the superonduting gap. Mathing the
wavefuntions and their derivatives at the FS interfaes,
we obtain the following eigenvalue equation for the An-
dreev levels
16kh cosχ = −2(k2 − k2F )(h2 − k2F ) [cos∆kd− cosΣkd]
− (k − kF )2 (h+ kF )2 cos(Σkd+ 2ϕǫ)
− (k + kF )2 (h− kF )2 cos(Σkd− 2ϕǫ) (5)
+ (k + kF )
2 (h+ kF )
2 cos(∆kd− 2ϕǫ)
+ (k − kF )2 (h− kF )2 cos(∆kd+ 2ϕǫ),
where, for onveniene, we dene k = kσǫ,η, h = h
−σ
ǫ,η ,
∆k = ∆kσǫ,η = k − h, Σk = Σkσǫ,η = k + h and
ϕǫ = arccos(ǫ/∆). The typial energies of the prob-
lem are the superonduting gap ∆, the exhange energy
Eex, the level spaing in the ferromagnet min(~vF /d,∆)
and the Fermi energy EF . In onventionnal s-wave su-
perondutors, we have ∆/EF < 0.01. The exat spe-
trum ǫσ(χ) depends on two dimensionless parameters:
the ratio η = Eex/EF and the produt kFd. In our
model, the ratio η is idential to the spin polarization
at the Fermi level dened as (I↑+ I↓)/(I↑ − I↓) where I↑
and I↓ are the spin-polarized urrents assoiated respe-
tively to spin up and down.
12
The spin polarizations of
strong ferromagneti elements like Fe, Co and Ni are be-
tween 0.3 and 0.5.20,11 The reently disovered half met-
als, like La0.7Sr0.3MnO3 and CrO2, exhibit omplete spin
polarization.
12
In the present work, the spin polarization
η = Eex/EF is arbitrary and the ratio ∆/EF << 1. In
a rst step, we solve the eigenvalue equation (5) pertur-
batively in the limit of small spin polarization η ≪ 1 for
any length d. We omplete our study by numerial re-
sults for arbitrary spin polarization in the ase of short
juntions.
B. SNS spetrum and quasilassial spetrum
Obviously, for zero exhange eld η = 0, we reover
the eigenvalue equation of a ballisti SNS juntion
21
cosχ = cos
(
∆kσǫ,η=0d− 2ϕǫ
)
= cos
(
2ǫd
~vF
− 2ϕǫ
)
, (6)
with omplete spin degeneray between the (u↑, v↓) and
(u↓, v↑) hannels. For very small spin polarization η =
Eex/EF ≪ 1, a rude approximation of the equation (5)
is given by the formula
18
cosχ = cos
(
2ǫd
~vF
+ a− 2ϕǫ
)
, (7)
with a = 2Eexd/(~vF ). This expression was rst ob-
tained by solving the Eilenberger equations with a on-
tinuity assumption on both normal and anomalous qua-
silassial Green's funtions.
15
It was also obtained later
in the framework of the linearized Bogoliubov-de Gennes
equations.
18
Physially, these derivations of the SFS
spetrum neglet ordinary reetion indued by the ex-
hange potential Vσ(x). In this limit, the only eet of
the exhange eld is to modify the SNS spetrum Eq. (6)
by a shift a = 2Eexd/~vF = ηkF d of the superondut-
ing phase. This shift lifts the degeneray between the
two spin hannels (u↑, v↓) and (u↓, v↑).
C. Small spin polarization
Here, we provide a more aurate approximation of Eq.
(5). By expanding Eq. (5) to the leading order in η, we
obtain in the regime η ≪ 1
cosασ(χ, ǫ) = cos
(
∆kσǫ,ηd− 2ϕǫ
)
, (8)
where ασ(χ, ǫ) is an eetive phase dierene related to
the true superonduting phase dierene χ by the ex-
pression
cosασ(χ, ǫ) =
(
1− η
2
8
)
cosχ +
η2
4
ǫ2
∆2
cos 2kFd
+
η2
8
cos∆kσǫ,ηd. (9)
The assoiated spetrum depends on the length of the
ferromagnet via the produt kFd and on the spin polar-
ization η = Eex/EF . In the appendix, we alulate how
this spetrum deviates from the above mentionned quasi-
lassial spetrum. The largest deviations are reahed for
phase dierenes χ = 0 and χ = π where gaps appear,
as shown in Fig. 1. The opening of these gaps whih
osillate as a funtion of kF d and η and vanish for par-
tiular values of these parameters reveals the presene of
some amount of ordinary reetion. The natural energy
sales for the gaps are provided by
Eχ =
[
d
~vF
+
1√
∆2 − ǫ2o(χ)
]−1
. (10)
for χ = 0 and χ = π respetively.
For long juntions d≫ ξo, this energy sale is the level
spaing Eχ ≈ ~vF /d. There are many Andreev levels
whih ross at χ = 0 and χ = π in the non-perturbated
spetrum. The amplitude of the gaps is larger in the
"high-energy" spetrum lose to the superonduting gap
4ǫ(χ)
∆
kF d = 10
4
0 π
(a)
χ
ǫ(χ)
∆
kF d = 10
0 π
(b)
χ
FIG. 1: Spetrum of a lean SFS juntion in the perturbative
limit η = 0.1 and for ∆/EF = 10
−3
. Two examples are
shown: a) long juntion with kF d = 10
4
(d = 5 ξo) and b)
short juntion with kF d = 10 (d = 0.05 ξo). Gaps open for
χ = 0 and χ = pi due to the presene of ordinary reetion.
There are two zero energy Andreev levels loated at the phase
dierenes pi ±∆kǫ=0,ηd.
ǫ ≃ ∆. They vanish in the low-energy part of the spe-
trum ǫ≪ ∆, as shown in Fig. 1(a). The absene of gaps
at low energy is a general phenomenon, beause in the
limit ǫ≪ ∆, the eigenvalue equation Eqs. (8,9) tends to
cosχ = cos
(
2ǫd
~vF
+ σ
2Eexd
~vF
− π
)
, (11)
whih is idential with the "gapless" quasilassial equa-
tion Eq. (7) beause 2ϕǫ ≈ π.
In the ase of a short juntion d ≪ ξo, the spetrum
ontains only two spin-polarized Andreev levels σ = ±1
given by
ǫσ(α) = ∆
∣∣∣∣cos
(
α(χ, ǫ) + σa
2
)∣∣∣∣ . (12)
The expressions for the gap δo at χ = 0
δ0 =
η∆
2
| sin kFd sin ηkF d| , (13)
and for the gap δπ at χ = π
δπ =
η∆
2
| cos kFd sin ηkF d| (14)
are derived in appendix. The gaps δ0 and δπ vanish simul-
taneously when the shift between an eletron and its An-
dreev reeted hole is ηkF d = nπ with n = ...,−1, 0, 1, ....
When the ferromagnet length orresponds to an interger
or half-integer number of Fermi wavelengths, namely
when kF d = nπ, δo vanishes and δπ is maximal. If the
size of the ferromagnet and the Fermi wavelength satisfy
kFd = (n+1/2)π, one obtains the opposite onguration:
δπ is zero and δ0 is maximal.
It is instrutive to ompare these results with the ase
of a SFIS juntions for whih the ordinary reetion orig-
inates from the potential barrier of the insulating layer.
17
At the usual level of approximation, a SFIS juntion is de-
sribed by two parameters: the eletron-hole phase shift
a = 2Eexd/~vF and the transpareny D of the insulating
layer. Similarly to the ase of a lean SFS juntion, the
spetrum is given by
ǫσ(α) = ∆
∣∣∣∣cos
(
α(χ) + σa
2
)∣∣∣∣ , (15)
but the eetive phase has a dierent expression
17
cosα(χ) = 1− 2D sin2 χ
2
. (16)
This eetive phase leads to the gaps δ0 = 0 and
δπ = 2
√
1−D cos(a/2). There is only one gap loated at
χ = π, and it is independent of kFd, whereas in an exat
treatment of a SFIS juntion with large spin polariza-
tion η, the gaps should depend on it. In this latter ase
ordinary reetion would originate from both insulating
layer and exhange splitting.
0,0 0,2 0,4 0,6 0,8
0,0
0,5 δ0
∆
, δpi
∆
η
FIG. 2: Gaps at χ = 0 (irles) and χ = pi (triangles) as a
funtion of the spin polarization η in a short juntion with
kF d = 10. The Eqs. (13,14) provide a good approximation
for small η < 0.1 (dashed-dotted line: δo, solid line: δπ).
In the following paragraph, we hek the validity of our
results for larger exhange energies.
5D. Arbitrary spin polarization: numerial study
For large spin polarizations η = Eex/EF , the pertur-
bative approah breaks down and nding the solutions of
Eq. (5) is a harder task. In the ase of a small juntion
d≪ ξo, we solve Eq. (5) numerially and obtain the two
Andreev levels ǫσ(χ) for eah value of the phase dierene
χ. Typial results are shown in Fig. 3 for inreasing spin
polarizations η and for a partiular value of kF d = 10.
In the perturbative regime η < 0.2, it has been shown in
Se. II C that the exat spetrum is very lose to the qua-
silassial spetrum exept in the viinity of χ = 0 and
χ = π. Figs. 3(a) and 3(b) show that this statement is
still valid up to very large spin polarizations. But above
a partiular spin polarization η∗, the spetrum undergoes
a qualitative hange : the lowest Andreev level does no
longer ross the Fermi level, as shown in Fig. 3()
ǫ(χ)
∆
η = 0.5
0 π
(a)
χ
ǫ(χ)
∆
η = 0.9
0 π
(b)
χ
ǫ(χ)
∆
η = 0.95
0 π
(c)
χ
FIG. 3: Spetrum of a short SFS juntion for inreasing spin
polarizations η = Eex/EF with kF d = 10. The thik solid
lines orrespond to the spetrum obtained by solving Eq. (5).
The thin lines represent the orresponding quasilassial es-
timates with a = (
√
1 + η − √1− η)kFd. We have hosen
∆/EF = 10
−3
.
To understand this rossover, we alulate the super-
ondutive phase dierene χσo orresponding to a zero
energy Andreev state. For suiently small spin polar-
ization η < 0.2, it is always dened and given by
χσo = π +∆k
σ
ǫ=0,ηd (17)
= π + σ(
√
1 + η −
√
1− η)kF d,
but lose to the half-metal ase η ≈ 1, the eigenvalue
equation (5) leads to
cosχσo = −
sin(
√
1− η kF d) sin(
√
1 + η kFd)
2
√
2(1− η) (18)
whih has two solutions for η < η∗ and no solution for
η > η∗.
Fig. 4 shows that the ritial polarization η∗ depends
on the length d of the ferromagnet in a very peuliar
way. For kF d < 3, the Andreev spetrum has always
two states at the Fermi level. For kFd > 3, η
∗
beomes
smaller than 1. For spin polarizations above the ritial
value η∗, the Andreev spetrum has now a gap at the
Fermi level. In the next setion, we will study how this
gap aets the Josephson urrent. Even more strikingly,
when the length d inreases, the gap at the Fermi level
alternatively loses and reopens : one has an alternane
between regions with η∗ < 1 (suh as in Fig. 3, a gap
opens at the Fermi level) and regions with η∗ = 1 (with
no gap at the Fermi level). Pratially, for kF d > 10,
no gap opens at the Fermi level for polarizations smaller
than η∗ = 0.94.
2.5 5 7.5 10 12.5 15 17.5 20
0.9
0.92
0.94
0.96
0.98
1η∗
kFd
FIG. 4: The zero-energy Andreev states disappear above a
ritial polarization η∗ whih depends on kF d. In setion III,
we show that the urrent is very lose to the quasilassial es-
timate with disontinuities when the Andreev level rosses the
Fermi level [Fig. 5(a)℄ for η < η∗. For η > η∗, the Josephson
urrent is strongly modied and has no disontinuity, sine a
gap opens at the Fermi level [Figs 5(b) and 6℄. The minima
of η∗ orrespond to values of kF d ≃ (n+ 1/2)pi/
√
2.
III. JOSEPHSON CURRENT
In this setion, we obtain the Josephson urrent
through a lean short SFS juntion for arbitrary large
spin polarizations. In partiular, we study how the in-
omplete Andreev reetion indued by the ferromagnet
aets the urrent. For η ≪ 1, ordinary reetion is neg-
ligible and the urrent is given by the usual quasilassial
expression. In the ase of a half-metal η = 1, the urrent
vanishes due to the omplete suppression of the Andreev
reetion. We study the rossover between these two lim-
its by alulating the urrent from the spetrum obtained
in the previous setion.
A. Josephson urrent
The Josephson urrent is given by
I(χ) =
2e
~
∂Ω
∂χ
, (19)
6where Ω(χ) is the phase dependent thermodynami po-
tential. The potential an be alulated from the exita-
tion spetrum by using the formula
22
Ω(T, µ, φ) = −2T
∫ ∞
0
∑
σ
ln
(
2 cosh
ǫσ(χ)
2T
)
+
∫
dx|∆(x)|2/g + TrHo (20)
We restrit our attention to the short juntion ase. For
eah value of χ, we solve Eq. (5) numerially to obtain
the two spin-polarized Andreev levels. Then, we obtain
numerially the urrent using Eqs. (19,20).
B. Quasilassial urrent
For a weak ferromagnet η ≪ 1, the assumption of
omplete Andreev reetion is justied. Therefore, one
may ompute the urrent from the spetrum (7) (here for
d≪ ξo) and obtain the so-alled quasilassial urrent15
Iqc(χ, a) =
π∆
φo
∑
σ=±1
sin
χ+ σa
2
(21)
tanh
(
∆
2T
cos
(
χ+ σa
2
))
.
Exept for the presene of the phase shift
a = (
√
1 + η −
√
1− η)kF d, (22)
the formula (21) is similar to the expression for the single
mode urrent in a short SNS juntion.
24,25
In the T = 0
ase, the urrent-phase relationship of a SNS juntion has
a sharp disontinuity at χ = π beause the lowest An-
dreev level passes below the Fermi level while another An-
dreev level arrying an opposite urrent moves above.
25
In the SFS juntion ase, the degeneray of the Andreev
levels is lifted, and this rossing ours respetively at
χσ = π+σa for eah of the non-degenerate Andreev lev-
els. Consequently, the urrent shows two jumps at these
phase dierenes, as shown in Fig. 5(a).
C. Crossover from η = 0 to η = 1
In the setion IID, we have obtained a sharp rossover
between (i) a regime where the quasilassial spetrum
is only modied by gaps opening at χ = 0 and χ = π
and (ii) a regime where the Andreev spetrum is strongly
modied by the vanishing of the zero energy states.
For spin polarizations 0 < η < η∗, the urrent is well
approximated by the quasilassial formula Eq. (21) ex-
ept for phase dierenes lose to χ = 0 and χ = π. Near
these values, it turns out that the orretion of the level
energies indues opposite hanges on the two individual
urrents. The sum of these orretions anels out and
the total Josephson urrent is unhanged. Consequently
I(χ)
Io
η = 0.9
(0, 0)
π
(a)
χ
I(χ)
Io
η = 0.95
(0, 0)
π
(b)
χ
FIG. 5: Zero-temperature urrent of a short SFS juntion with
kF d = 10. a) even for a nearly omplete spin polarization
η = 0.9, the exat urrent (thik line) and the quasilassial
approximation (thin line) are idential. b) for η = 0.95, they
are ompletly dierent. The natural sale for the urrent is
I0 = 2e∆/~.
although the spetrum is modied, one may still use the
quasilassial formula (21) at the urrent for any value
of χ with a very good auray. This statement is valid
up to very high spin polarization, as shown in Fig. 5(a)
In the limit η < 0.2, the eetive phase approah leads
to
I(χ, a) =
(
1− η
2
8
)
sinχ
sinα
Iqc(α, a). (23)
In onlusion, ordinary reetion indues only a very
small redution of the urrent of order η2.
When η∗ < η < 1, the urrent-phase relationship is
ompletely modied and beomes nearly sinusoidal, as
shown in Fig. 5(b). The disontinuity in the urrent
disappears beause a gap opens at the Fermi level: there
is no Andreev level at zero energy. In onlusion, the
I(χ)/I0
0.5
η = 0.95
η = 0.97
η = 0.99
η = 1
(0, 0)
pi
χ
FIG. 6: Current-phase relationships for kF d = 10 and various
spin polarizations in the regime η∗ < η < 1.
rossover between the regime where the urrent is given
by Eq. (21) and the regime with zero urrent η > 1, takes
plae in a narrow window of spin polarizations, typially
7for 0.94 < η < 1 when kFd = 10. For larger kF d, the
width of this window sales as 1/(kFd)
2
.
IV. TRANSITION 0− pi IN SMALL SFS
JUNCTIONS
In this setion, we study the eet of exhange indued
ordinary reetion on the 0− π transition in the ase of
short juntions. In order to ompare the stability of the
zero-phase and of the π-phase states, we ompute the
energy
E(χ, a) = −∆
∑
σ=±1
∣∣∣∣cos
(
α(χ, ǫ) + σa
2
)∣∣∣∣ (24)
In the perturbative regime η < 0.2, the eetive phase
approah applies and one obtains
cosα(χ = 0) = (1− η
2
8
) +
η2
8
cos a
cosα(χ = π) = −(1− η
2
8
) +
η2
8
cos a. (25)
Thus
α(χ = 0) = ± η√
2
cos
a
2
,
α(χ = π) = π ± η√
2
sin
a
2
. (26)
0,00
-2
-1
0
aπ
χ = 0 χ = πE(χ)/∆
FIG. 7: Zero-state energy E(χ = 0, a) and pi-state energy
E(χ = pi, a) for η = 0.1, 0.3, 0.5. The intersetions of the
dierent urves remain in the viinity of a = pi/2 and a =
3pi/2.
The energies E(0, a) and E(π, a) are represented in
Fig. 7. When E(χ = π, a) > E(χ = 0, a), the zero-phase
state is stable and the π-phase state is instable. The
urves orresponding to dierent values of η are lose to
eah other and dier slightly only in the viinity of a = 0
and a = π. All these urves interset at the same 0-π
transition points a = π/2 et a = 3π/2. Therefore the
0−π transition is not modied by the ordinary reetion
indued by the ferromagnet.
In the moderate and strong polarization regimes, nu-
merial alulation of the energies E(χ = 0) and E(χ =
π) as a funtion of a = ∆kǫ=0,η = (
√
1 + η−√1− η)kF d
leads to the same onlusion. The transition in a SFS
juntion at large exhange eld is robust to ordinary
reetion indued by the exhange eld. This is on-
trary to what happens in the SFIS ase.
17
The energy
E(0, a) = −2∆ | cos a | of a SFIS juntion is independent
of the transpareny D, whereas E(π, a) evolves gradu-
ally as the transpareny D is varied. As a result, the
transition points strongly depend on D: the domain of
stability for the π-phase shrinks around the value a = π
and even disappears at D = 1. In a lean SFS juntion,
the stability domain of the π-phase remains unhanged
beause of the interplay between the two gaps at χ = 0
and χ = π. It is reminisent of the Josephson urrent
robustness obtained in the previous setion.
V. CONCLUSION
We have obtained the phase dependent exitation spe-
trum of a lean one-hannel SFS juntion for arbitrary
spin polarizations. The present treatment takes into a-
ount the ordinary reetion of eletrons aused by the
ferromagnet/superondutor interfae. We have shown
that gaps open for phase dierenes χ = 0 and χ = π.
These gaps depend both on the spin polarization η =
Eex/EF and on the length of the ferromagnet via the
produt kF d. In spite of these strong modiations of
the spetrum, the Josephson urrent and the stability of
the π-state are robust against the ordinary reetion due
to the exhange eld up to very large spin polarizations
η∗. We obtain a sharp rossover between (i) a regime
where the urrent is given by the quasilassial theory
(ii) the fully spin polarized regime with zero urrent.
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VII. APPENDIX
In a rst approximation, the spetrum of the lean SFS
juntion is obtained by a shift a = 2Eexd/~vF of the
phase and it is the solution of the eigenvalue equation
cos
(
σa− 2ϕǫσ
o
)
= cosχ (27)
The exat position of an Andreev level may be written
as ǫσ(χ) = ǫσo (χ)+ ǫ
σ
1
(χ), where ǫσ
1
(χ) is small. Inserting
this expression in Eqs. (8,9) and using Eq. (27), we
obtain for small η
8cos
(
σa− 2ϕǫσ
o
+ η
2ǫσ1
Eχ
)
= cosχ (28)
−η
2
8
cosχ+
η2
4
(
ǫσo
∆
)2
cos 2kFd− η
2
8
cos a
where we have introdued the notation
1/Eχ =
1√
∆2 − ǫσ
0
2
. (29)
Expanding Eq. (28) and using Eq. (27), one obtains a
seond order equation for the deviation ǫ1(χ)
cosχ
(
ǫσ
1
Eχ
)2
+ sinχ
ǫσ
1
Eχ
=
η2
16
[
cosχ− 2
(
ǫσo
∆
)2
cos 2kFd+ cos a
]
For χ = 0 and χ = π, the deviation is of order η,
whereas for χ = π/2 it is proportional to η2. The gaps
our at the level rossings of the unperturbated spe-
trum ǫo(χ), at χ = 0 and χ = π. They are dened by
δ0 =
∣∣ǫσ
1
(χ = 0)− ǫ−σ
1
(χ = 0)
∣∣ ,
δπ =
∣∣ǫσ
1
(χ = π)− ǫ−σ
1
(χ = π)
∣∣ .
with
ǫσ
1
(χ = 0)
E0
=
η
2
[
1− 2
(
ǫσo
∆
)2
cos 2kFd+ cos a
]1/2
,
ǫσ
1
(χ = π)
Eπ
=
η
2
[
1 + 2
(
ǫσo
∆
)2
cos 2kFd− cos a
]1/2
.
Using
E0 = ∆
∣∣∣sin a
2
∣∣∣ ,
Eπ = ∆
∣∣∣cos a
2
∣∣∣ ,
we obtain the size of the gaps at χ = 0 and χ = π
δ0 =
η∆
2
| sin kFd sin a| ,
δπ =
η∆
2
| cos kFd sin a| .
(30)
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